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1. Introduction

Statistical distributions have many usages and advantages applied
phenomenon or field in order to realize and estimate the basic characteristics of those
variables belonging to that field. There are a large number of statistical distributions
such as Binomial, Poisson, Gamma, Beta, Normal, Chi-square, Weibull, Pareto, etc.;
each of them has its characteristics such as mean, variance, mode, median, and so
forth. But the most crucial thing in these distributions is when and where it can be

used or applied.

In the real life there are many phenomena that have Pareto
distribution's properties. One of the useful applications of
this distribution is family income. This study aims to
understand Pareto distribution, its properties, and fitting
the family income to Pareto distribution. The Data were
collected through a questionnaire distributed to 290
families; the sample covered just urban population in Erbil
city. The data analyses of the family income done through
applying EasyFit v.5.4 mainly, Statgraphics v.15, and MS
Excel 2016 programs. The Pareto distribution with two
parameters (a=0.646 and B=5) was discovered to be the
best fit for this type of data. It is suggested that local
authorities adopt the proposed distribution to reap the
benefits of applying pareto distribution to future KRG plans
aimed at increasing the income of Kurdish families.
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The purpose of this study is to present and discuss one of these distributions, the
Pareto distribution, with application to family income in Erbil, because it is used to
describe social, quality control, scientific, geophysical, and actuarial phenomena,
among others. Furthermore, the emphasis will be on the verifying of essential
properties of the Pareto distribution using some limited resources due to a shortage
of resources related to this distribution.

The great importance of this study is to determine the distribution of family income
in Erbil's urban population in order to better understand the nature of family income
and plan for future actions. The general directorate of planning, the directorate of
human development, the directorate of employment and social affairs, companies
involved in product consumption, and so on will all benefit greatly from this
information.

The following is a breakdown of the structure of this study. There are four sections:
introduction, goal of study, literature review, and methods and materials of study.
The practical study section is specified in section five which consists of the results
including an overview of descriptive statistics and pareto distribution. The conclusions
and recommendations section is specified in section six.

2. Study Objectives

The main objectives of this study that are related to Pareto distribution is using family
income data in order to diagnose is it fitting Pareto distribution or not through some
applying statistical software.

Depending on the above objectives, the main scientific hypothesis concerning this
study states that the data of family incomes in Erbil city is distributed as Pareto
random variable with 2 parameters (a, B).

3. Literature Review

After Pareto principles of his law concerning income and wealth, and then called
Pareto distribution (80%/20%), many scientists and researchers worked with it and
made great improvements in this field.

In 1931, Gibrat had made random growth models, the stochastic process is assumed
to be scale independent and called it Gibrat’s law. In 1949, Zipf had many
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contributions in Pareto distribution for income. Champernowne is maybe the first of
such random growth models for incomes (1953), and Simon and Bonini’s for
companies (1958). Kesten (1973), Gabaix (1999), and Luttmer (2007) are other
examples of this approach. Many researchers had used Pareto distributions as
primitives’ distribution, such as Lucas (1978), Helpman et al. (2004), Chaney (2008),
Tervio (2008) and Gabaix and Landier (2008). A study of Song et al. (2015) on the
determinants of wage inequality across and within firms (Geerolf, 2017) (B. B. Aghevli,
12 Mar 2012) (Amita Majumder, 8 August 2006). Additionally, two researchers
employed pareto models for top income in 2019, where they explored several sorts
of bias that might occur in empirical investigations and offered some practical
suggestions (Charpentier & Flachaire, 2019). The recent empirical work was for Abdul
Majid et al. (2021) concerning the composite Pareto distributions for modelling family
income distribution in Malaysia. They tried to composite Pareto models that fitted to
the Malaysian family income data of several years.

4. Methods and Materials
4.1. Methodology
Since this study trying to understand Pareto distribution and its properties, fit the

income family to Pareto distribution, and data had been collected through
interviewing, the mixed research of pure and applied research is being taken into
consideration. The Pareto Distribution has been used to fit the collected data.

4.2. Pareto Distribution

The creator of Pareto distribution was an Italian scientist called Vilfredo Federico
Domaso Pareto who was born on July 15, 1848 and died on August 19t", 1923. Pareto
was raised in a family with a good income, enjoying the many benefits that accrued
to people of his class during that age. He had a suitable education in both France and
Italy. In the secondary schools Pareto studied mathematical and classical subjects
basically. In 1864, he graduated from high school and enrolled in Turin university-
Italy. Pareto's first study was published in 1866 and got his first degree in mathematics
and physical sciences in 1867. Directly he enrolled in the engineering school at the
same university and had graduated in 1870. Pareto worked as an engineer, politician,
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technician, economist, and sociologist. After 1890, Pareto started his scientific career
at university of Lausanne and published remarkable books. His original appointment
was as an associate professor in April 1893; exactly one year later he became a full
professor (Kleiber & Kotz, 2003).

Pareto’s two main contributions to economics, which also contain his developments
in income distributions, are "Cours d’e’conomie politique" in 1897 and "Manuale di
economia politica" in 1906. His massive contribution to sociology was the four-
volume The Mind and Society. His research "Cours" contained the so-called Pareto’s
law of income distribution which states shortly that the distribution of income and
wealth in any country and in all ages follows an invariant pattern. He remarked that
around 80% of the land in Italy was owned by 20% of the population. Later, Pareto
observed that income and wealth distribution among nations followed a similar
distribution (Parmenter, 2007).

20% of
Many Trivial EESRIE
Tasks | ano of time
expended
80% of
results
Few Vital | 20% of time /
Tasks

Figure (1): The rule of Pareto's distribution (Anon., n.d.)

Figure 1 shows the rule of 80/20 clearly, and the followings are some examples of
80/20 Pareto's rule:

¢ 80% of automobile traffic jams arises from 20% of the sites or roads.

+» 80% of the profits comes from 20% of business.
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s 20% of efforts give 80% of results.

¢ 80% of peas in a garden were produced from 20% of the pea pods.
*» 20% of patients make 80% of the clinic center issues.

% 20% of a products defects cause 80% of its issues.

*0

*0

4.2.1. Pareto distribution Properties
ArandomvariableX issaidtohavea Pareto distribution with two parameters a and B,

ap®
(a>0,B >0) if the pdf of X is: flx; ¢, B) = {W B<x<o»
0 o.w
Pareto distribution has another probability distribution function when p=1, and it can
o
be written in the following form: flx; ) = {W X>1
0 o.w

where:
a: is the shape parameter (minimum possible value of x)
B: is the scale parameter
It has another pdf which is called sometimes Lomax distribution. It can be written in
the following form:

af*
flox,pB) = {(x + p)+l
0

D<x <o

o.w
Below are the most important properties of the Pareto distribution.

1- Prove of the C.D.F of Pareto distribution: (Mark Maxwell, 2015) (Kleiber & Kotz,
2003)

X

F(x) = p(X < x) = fB tH(z, B) dx

1dx

a+l
X

F(X) = a“ jﬂ

= af” jﬁ x~“dx
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2-The mean of Pareto distribution: (atthew J. Hassett, 2006)

f(a,p)= ozﬂ"‘xf"‘*1 X>B, a,B>0
E(x) = I;xf (X; e, B)dx

E(X) =aB* I; XX~ tdx
E(X)=af” J;O X “dx = E(x) = %[x“‘ :]

Ew=wacjzﬂﬂﬁwﬂ 1 1}

1-a| x** 1-a| (0)* p**
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3- The variance of Pareto distribution: (atthew J. Hassett, 2006)
Var(x) = E(x)* - [E(x)]

E(x)? =I;x2f(;(;a,ﬂ)dx

:J-ﬂ X?_aﬂax—a—ldx

Var(x) = of” _{ﬂ}z

a-2 |a-1

of’(a-1)-a’p*(a-2)
(= 2)(a -1’

aBﬂZ_2a2ﬁ2+aﬂ2_a3ﬂ2+2a2ﬁ2

_ aﬂz ~ aZﬁZ
(@-2) (a-1)°
_ af?(a® -2a+1)-a’p*(a-2)

= Var(x) =

= Var(x) =

(@ =2)(a -1’ (@ —=2)(a -1’

- Var(x) = a—Bzz,wherea > 2
(a—2)(a—1)
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4-The median of Pareto distribution: (Arnold, 2015)

me 1
f(xa,p)dx = 5
fB (04 X >

me af% _ 1
I dx = -

B xa+1

x (% mee x™* ldx =

—
o () -

1
—B%(me™% - p7%) = >
YL S L
me® 2  me®* 2
me* = 2%

Lme = ﬁ(Z)é x>p

5-The moment about origin of one parameter: (atthew J. Hassett, 2006) (Arnold,
2015)

«© <
E(x") =J xrxocﬂdx

1

=X —ax
«<—7r+1
1 X

oo
:ocf x~%new=1 dx
1

X [ —x 100] X
el x new 1 e
new ocnew

X
E(xr) = OC——T' r <
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6-Skeweness: (atthew J. Hassett, 2006)

a—22(a+1)
Skeweness =
a a—3

7-Kurtosis: (Arnold, 2015)

6(a®+a*—-6a-2)
a(a—3)(a—4)

Kurtosis =

10. Unbiased Estimator: (Vonta, et al., 2008)

_op

E() = a-1
aB“
feoap) =

, T «
E(X)=E (%) — LEGD _ Riert _ ab

n n xat1

Maximum likelihood estimator of pareto distribution: (Arnold, 2015)
af“
O D) = —

aana

HEP) = i e

n
Inl(a,B) =nlna+naln,8—(a+1)21nxi

i=1
n
dLnl(a,B) n
T=E+nlnﬁ—21nxi—0=0
i=1
n
E=Z:lnx-—nlnﬁ
a < '
i=1
n
a= =1

P Inx;—nlnpg’
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Inx
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0
B

- we can solve it Logically \\

X1,X2, ..., Xn isar.v.of size n with Pareto (B<x)

let y; = min{xy, X5, ..., Xn} = Xmin

let y, = max{xy, X3, ..., Xp} = Xmax

B<y1 <Yz <

3m.l.e =V

The Pareto distribution has a relationship with exponential distribution, therefore,
if X distributed Paretoand Y = Ln(%), then Y distributed exponential with parameter

o (Vonta, et al., 2008).

5. Results and Discussion

5.1. Data Collection

The applied data in this study was from the author's collection of data on family

income insufficiency for Erbil city, where the study population was Urban population

in Erbil city. The actual sample size used in the analysis was 290 due to missing,

misleading data or incomplete interviews. The sample covered just urban population

in Erbil city.

The data entering and analyzing were done using EasyFit software V.5.4, and

Microsoft Excel 2013. The author tried to use other software packages like SPSS,

Statgraphics for their flexibility and usage but EasyFit has more flexibility than others.

This section will be divided into 2 main sub-sections related to Pareto distribution for

the Erbil's family income in 2015. The obtained data were manipulated, processed,
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Y

and analyzed through EasyFit, Statgraphics, and Microsoft Excel 2013. Depending on

the hypotheses that were referenced in the previous sections, some tests are had
been used in this section to fit the data to Pareto distribution such as Kolmogorov-
Smirnov, Chi-Square, and Anderson-Darling tests for goodness of fit test that
determine the how well the theoretic distribution fits tentative distribution..

5.2. Descriptive Statistics

Table 1 presents the major statistics regarding Erbil's family income in 2015. This table
shows that the lowest income is about 100 thousand 1QD and the highest income is
around 100 million 1QD, it means a big range. Also, the median is one million 1QD less
than the mean which is equal to 1.7 million IQD, i.e. that the distribution of income
has right tail and not symmetric.

Table (1): Summary statistics of family income in Erbil's city (2015)

Statistic Values Standard Error
N 292
Range 99899500
Minimum 100500
Maximum 100000000
Sum 524215000
Mean 1795256.85 344626.19
Std. Deviation 5888974.84
Variance 34680024626241.60
Skewness 16.07 .14
Kurtosis 268.29 .28
Mode 1000000
. 10t 25th 50" (Med.) 75th 90t
Percentiles
500300 750000 1000000 1787500 3000000

Concerning the descriptive statistics, the most important thing is Pareto chart for this
article. Figure 2 illustrates that citizens who located in 2 groups of family income class
is (900,000-1,100,000 IQD) and (More than 2,100,000 IQD) have most incomes.
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Approximately 50% of the total income is with the people in income class with more
than 2,100,000 1QD and approximately 30% of total income in the hands of people in
income group 900,000 — 1,100,000 IQD. Therefore, without taking any tests for fitting
the family income data to Pareto distribution, it is clear that the data is distributed
Pareto as presented in table 2. However, goodness of fit tests must be taken in order
to be more confident.

Table (2): Frequency distribution and percentages of total income for Erbil's families

Classes (000) REGE) Relative Total Income Per % of Total

frequency Class Income

2,100+ 46 15.8% 262780000 50.1%
900 - 1,100 61 20.9% 61306000 11.7%
1,900 - 2,100 23 7.9% 46000000 8.8%
1,300 - 1,500 29 9.9% 42981000 8.2%
700 - 900 36 12.3% 29241000 5.6%
1,100 - 1,300 23 7.9% 27736500 5.3%
500 - 700 33 11.3% 21330000 4.1%
0-500 29 9.9% 12140500 2.3%
1,500 - 1,700 7 2.4% 11650000 2.2%
1,700 - 1,900 1.7% 9050000 1.7%
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| Total | 202 | 100% | 524215000 |  100.0%

5.3. Fitting of Family Income to Pareto Distribution
This section is the most critical section in whole study because its results will lead to

have conclusions about the study hypotheses. Therefore, accurate result of this
section will be a basis for right conclusions and recommendations.

Using EasyFit and Statgraphics, table 3 describes the goodness of fit tests through
Kolmogrov-Smirnov test and Anderson-Darling test. Therefore, it obvious that the null
hypothesis cannot be rejected at a significance level equal to 0.01 (a=0.01) for both
tests. Concerning x? test, it cannot be used because there the estimated values are
less than 5.

The estimated parameter for Pareto distribution are E=0.646 (shape parameter)
and =5 (scale parameter). Then the probability density function (PDF) is as follows:

ap”® 0.646(5)0:646
flx)= {xa+1 B<x< OO} = { x1.646 B<x< oo}
0 o.w 0 o.w
Table (3): Goodness of fit tests for family income in Erbil's city
Kolmogorov-Smirnov
Sample Size 10 Groups
Statistic 0.42672
P-Value 0.03614
a 0.2 0.1 0.05 0.02 0.01
Critical Value 0.3226 0.36866 0.40925 0.45662 0.48893
Reject? Yes Yes Yes No No
Anderson-Darling
Sample Size 10 Groups
Statistic 3.1968
a 0.2 0.1 0.05 0.02 0.01
Critical Value 1.3749 1.9286 2.5018 3.2892 3.9074
Reject? Yes Yes Yes No No
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6. Conclusions and Recommendations

Depending on the results of the analyses in section five, the most important
conclusion is that the family income in Erbil city distributed Pareto with 2 parameters
(a=0.646 and b=5) and 20% of the groups earning approximately 80% of the total
family incomes for the selected sample.

Therefore, depending on the study results and conclusions, it is recommended to use
Pareto distribution for family incomes of all governorates of Kurdistan region in order
to understand people's attitudes and preparing future improving plans for better life
and increasing incomes.

References:

Abdul-Majid, M. H., & Ibrahim, K. (2021). Composite Pareto Distributions for Modelling
Household Income Distribution in Malaysia. Sains Malaysiana, 50(7), 2047-2058.

Amita Majumder, S. R. (8 August 2006). Distribution of personal income: Development of a
new model and its application to U.S. income data. Journal of Applied Econometrics.

Arnold, B. C. (2015). Pareto Distributions (2nd ed.). CRC press.
atthew J. Hassett, M. S. (2006). Probability for Risk Management. ACTEX Publications.

B. B. Aghevli, F. M. (12 Mar 2012). Optimal Grouping of Income Distribution Data. Journal of
the American Statistical Association.

Charpentier, A., & Flachaire, E. (2019). Pareto Models for Top Incomes. Hal, 02145024.

Forbes, C., Evans, M., Hastings, N., & Peacock, B. (2011). Statistical Distributions (4th ed.).
John Wiley & Sons.

Geerolf, F. (2017). A Theory of Pareto Distributions. UCLA. Retrieved 12 7, 2017, from
http://www.econ.ucla.edu/fgeerolf/geerolf-pareto-slides-EFG.pdf

Kleiber, C., & Kotz, S. (2003). Statistical size distribution in Economics and Actuarial Sciences.
John Wiley & Sons.

Mark Maxwell, L. A. (2015). Probability and Statistics with Applications: A Problem Solving
Text. ACTEX Publications.

1260



QALAAI ZANISTSCIENTIFIC JOURNAL
A Scientific Quarterly Refereed Journal Issued by Lebanese French University — Erbil, Kurdistan, Iraq
Vol. (8), No (1), Spring 2023
LFU ISSN 2518-6566 (Online) - ISSN 2518-6558 (Print)

Parmenter, D. (2007). Pareto’s 80/20 Rule for Corporate Accountants. John Wiley & Sons.

The Pareto Principle and Your User Experience Work. (n.d.). Retrieved 12 5, 2017, from
Interaction Design Foundation: https://www.interaction-
design.org/literature/article/the-pareto-principle-and-your-user-experience-work

Vonta, F., Nikulin, M., Limnios, N., & Huber-Carol, C. (2008). Statistical Models and Methods
for Biomedical and Technical Systems. Birkhauser Boston, c/o Springer Science.

SluaySa a4 yilgan byl (Klangs d ylixs Lilals Lals gogaiasSea

S auaidaiagli g 3uly Saals

X

s

d S5 e gLl SaoSagls SBgudaianl S e osyls 533 badaialy SL3 o
SaSaals d daagdy oilel qoganiigi pd Sas Sals adals pdd  JSBosgaway 08
4 09aioglySES lls pds 3l Laawls & ylixs Slals JubusS g (SBagsadiagl du,l
Slryla Slezadls e aSosyliy Juilins 290 yawd oglySaals «S e ly ueydd 6@9
SBaalSsy SluaySay (Kl d &S ylixs Slals SBLLs gogdisySui 09955 354 yliydoan
d .oglys aloids MS Excel 2016 ¢ v.15 Sb1)Sluw (Soyaw Sasogri « EasyFit v.54
ol3l3 2 @y gor 3l dsauls GLlls 0)3> add 3y glaisS Laals a5 GgaSyes Iy plaiddyes
359U Fdazwes yagd d ey Bay ol Syl aals edySes jlaiay (B=5 ¢ a=0.646)
31 pliwsysS Ladyad JaegS> gogilals SOy & i ogdiiiel odl Sggw 0945 &
xSy yuinly BesysS dlius Slals gogds

1261



QALAAI ZANISTSCIENTIFIC JOURNAL

A Scientific Quarterly Refereed Journal Issued by Lebanese French University — Erbil, Kurdistan, Iraq

Vol. (8), No (1), Spring 2023

LFU ISSN 2518-6566 (Online) - ISSN 2518-6558 (Print)
S0 s alaRELl Ju ) (B A pdaal) shlial) (LS B ) JR3 a5 g8 Jalas
Aailal g

soadla)

s 1agd saiall i) aal ¢ gy Jl g )58 aiload el A1 al slall (pa aall Sllia a5l 3Ll b
b s el Ja0 Aaley aailiad s g )b )58 agd ) Al all a2 Chag ikl sall JA0 8
L paal) S ) Ciled a6l 200 e DY) 5 jlain) )58 JYA (e L) aans a3 2
(i) JS (v.5.4) EasyFit gt Gl Y& (e 5ul) Ja by dilad a3y Ju )l dae 4
S Sllall e g sl 13gd canliall a3 53 of Gli) 5 MS Excel 2016 s «Statgraphics v.15
Falaal) Lol Wity il q sl w3ty (ase (B =5 5 0 = 0.646) Ofieleass sl w355
oY) daa b ) Adalgl) Adiiuall Gl S o8] daSa alad e gl )58 Gudad il il
A S

1262



